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Table 1: Poiseuille Rayleigh-Benard Landau
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$z_{1},$ $z_{2},$ $z_{3}$ 1, $\overline{z}_{2},\overline{z}_{3}$
.
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$\Gamma_{h}$ $(z_{1}, z_{2}, z_{3})$ :
$\mathrm{D}_{6}\{$
$\mathrm{c}$ : $(z_{1}, z_{2}, z_{3})arrow(\overline{z}_{1},\overline{z}_{2},\overline{z}_{3})$
$\mathrm{D}_{3}\{\begin{array}{l}\mathrm{R}_{2\pi/3}..(z_{1},z_{2},z_{3})arrow(z_{2},z_{3},z_{1})\sigma_{v}\cdot.(z_{1},z_{2},z_{3})arrow(z_{1},z_{3},z_{2})\end{array}$
$\mathrm{T}^{2}$ : $(s, t)\cdot z=(\mathrm{e}^{is}z_{1}, \mathrm{e}^{-\iota^{-}(s+t\}}z_{2}, \mathrm{e}^{it}z_{3})$
,
, , 1 (R) (H) 2 , ,
2 (T) ( $\mathrm{R}\mathrm{A}$ , ) .
$\Gamma_{h}$
$\dot{z}_{1}=z_{1}\mathcal{H}(\lambda, u_{1}, \sigma_{1}, \sigma_{2}, \sigma_{3}, q)+\overline{z}_{2}\overline{z}_{3}\mathcal{P}(\lambda, u_{1}, \sigma_{1_{7}}\sigma_{2}, \sigma_{3}, q)$
$=h_{1}(\lambda, \sigma_{1}, \sigma_{2}, \sigma_{3)}q)+u_{1}h_{3}(\lambda_{?}\sigma_{1}, \sigma_{2}, \sigma_{3}, q)+u_{1}^{2}h_{5}(\lambda,$ $\sigma_{1},$ $\sigma_{2},$ $\sigma_{3},$ $q)$ ,
$\mathcal{P}=p_{2}(\lambda, \sigma_{1}, \sigma_{2}, \sigma_{3_{7}}q)+u_{1}p_{4}(\lambda, \sigma_{1}, \sigma_{2}, \sigma_{3}, q)+u_{1}^{2}p_{6}(\lambda, \sigma_{1}, \sigma_{2}, \sigma_{3}, q)$
$u_{j}=|z_{j}|^{2},$ $\sigma_{1}=u_{1}+u_{2}+u_{3},$ $\sigma_{2}=u_{1}u_{2}+u_{2}u_{3}+u_{3}u_{1}$ ,
$\sigma_{3}=u_{1}u_{2}u_{3},$ $q=z_{1}z_{2}z_{3}+\overline{z}_{1}\overline{z}_{2}\overline{z}_{3}$
. $h_{1},$ $h_{3},$ $h_{5}$ $p_{2},p_{4},p_{6}$ . . [4]
$(z_{1}, z_{2}, z_{3})=(x, 0,0),$ $x\in \mathrm{R}$ .
$0=H(x)$
.
, $z_{1}=z_{2}=z_{3}$ . $z_{\mathrm{j}}(t)=r_{j}(t)\mathrm{e}^{i\theta_{j}(t)},$ $\theta_{1}+\theta_{2}+\theta_{3}=\Theta(t)$
,
$0=H(r, \cos \mathrm{O}-)+r\cos\Theta\cdot P(r, \cos\Theta)$
$0=\sin\Theta\cdot P(r, \cos \mathrm{O}-)$
. $\cos \mathrm{O}-=\pm 1$ , , $(z_{1}, z_{2}, z_{3})=(x, x, x),$ $x\in \mathrm{R}$
. $+$ up-hexagons $l$ -hexagons ,
down-hexagons $g$ -hexagons . $\mathrm{H}_{+}$ ,
$\mathrm{H}_{-}$ . ,
$0=\mathcal{H}(r;\cos\Theta=\pm 1)\pm r’P(r;\cos\Theta=\pm 1)$
. , Sch\"ulter, Lortz and Busse PDE
, $p_{2}$ 0 . [19] ,
$\cos\Theta=\pm 1$ $q$
, 4 $(O(4))$ .
$\cos\ominus\neq\pm 1$ , , $(z_{1}, z_{2}, z_{3})=(z, z, z)z\in \mathrm{C}$ ,
$0=7\mathrm{f}(r, \cos\Theta),$ $0=\mathcal{P}(r, \cos \mathrm{O}-)$
$r$ $\Theta(\neq n\pi)$ 5 .
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Table 2: 1 2 Jacobi ( )
Label Eigenvalue (multiplicity)
I $\frac{\partial g_{1}}{\partial x_{1}},$
.
$(6)$
$\mathrm{R}$ 0 (1), $\frac{\partial g_{1}^{T}}{\partial x_{1}}(1),$ $\frac{\partial g_{2}^{r}}{\partial x_{2}}+\frac{\partial g_{2}^{r}}{\partial x_{3}}(2),$ $\frac{\partial g_{2}^{r}}{\partial x_{2}}-\frac{\partial g_{2}^{r}}{\partial x_{3}}(2)$
$\mathrm{H}$ 0 (2), $\frac{\partial g_{1}^{r}}{\partial x_{1}}+2\frac{\partial g_{1}^{r}}{\partial x_{2}}(1),$ $3 \frac{\partial g_{1}^{i}}{\partial y_{1}}(1),$ $\frac{\partial g_{1}^{r}}{\partial x_{1}}$ $-$ $\frac{\partial g_{1}^{r}}{\partial x_{2}}(2)$
RA 0 (2), $\frac{\partial g_{1}^{\mathrm{i}}}{\partial y_{1}}+2\frac{\partial g_{2}^{i}}{\partial y_{2}}(1),$ $\frac{\partial g_{2}^{r}}{\partial x_{2}}-\frac{\partial g_{2}^{T}}{\partial x_{3}}(1),$ $\lambda_{1},$ $\lambda_{2}$
$\lambda_{1}+\lambda_{2}=\frac{\partial g_{1}^{r}}{\partial x_{1}}+\frac{\partial g_{2}^{\tau}}{\partial x_{2}}+\frac{\partial g_{2}^{r}}{\partial x_{3}}$ ,
$\lambda_{1}\lambda_{2}=\frac{\partial g_{1}^{r}}{\partial x_{1}}(\frac{\partial g_{2}^{r}}{\partial x_{2}}+\frac{\partial g_{2}^{r}}{\partial x_{3}})-2\frac{\partial g_{1}^{r}}{\partial x_{2}}\frac{\partial g_{2}^{r}}{\partial x_{1}}$
$\mathrm{T}$ 0 (2), $\frac{\partial g_{1}^{r}}{\partial x_{1}}$ $- \frac{\partial g_{1}^{r}}{\partial x_{2}}+\frac{\partial g_{1}^{i}}{\partial y_{1}}-\frac{\partial g_{1}^{i}}{\partial y_{2}}(2),$ $\lambda_{1)}\lambda_{2}$
$\lambda_{1}+\lambda_{2}=\frac{\partial g_{1}^{r}}{\partial x_{1}}+2\frac{\partial g_{1}^{r}}{\partial x_{2}}+\frac{\partial g_{1}^{i}}{\partial y_{1}}+2\frac{\partial g_{1}^{i}}{\partial y_{2}}$,
$\lambda_{1}\lambda_{2}=(\frac{\partial g_{1}^{r}}{\partial x_{1}}+2\frac{\partial g_{1}^{r}}{\partial x_{2}})(\frac{\partial g_{1}^{\mathrm{i}}}{\partial y_{1}}+2\frac{\partial g_{1}^{i}}{\partial y_{2}})-(\frac{\partial g_{1}^{r}}{\partial y_{1}}+2\frac{\partial g_{1}^{\tau}}{\partial y_{2}})(\frac{\partial g_{1}^{i}}{\partial x_{1}}+2\frac{\partial g_{1}^{i}}{\partial x_{2}})$
, $(z_{1}, z_{2}, z_{3})=(x, y, y),$ $x,$ $y\in \mathrm{R}$ .
, up-hexagons down-hexagons 2
5 .
, , 1 2 Jacobi
Table 2 . , $g_{j}^{r}$ $g_{\mathrm{i}}$ , $g_{j}^{i}$ ,




$zarrow 1-z$ : w\rightarrow -w $\thetaarrow-\theta$
. $\mathrm{Z}_{2}$ $(z_{1}, z_{2}, z_{3})$
$\sigma_{h}$ : $(z_{1}, z_{2)}z_{3})arrow(-z_{1}, -z_{2}, -z_{3})$
. \Gamma h\tilde =D6\dotplus T2\oplus Z2
$\dot{z}_{1}---z_{1}\mathcal{L}(\lambda, u_{1}, \sigma_{1}, \sigma_{2}, \sigma_{3}, q^{2})+\overline{z}_{2}\overline{z}_{3}q\mathcal{M}(\lambda, u_{1}, \sigma_{1}, \sigma_{2}, \sigma_{3}, q^{2})$ ,
$=l_{1}(\lambda, \sigma_{1}, \sigma_{2}, \sigma_{3}, q^{2})+u_{1}l_{3}(\lambda, \sigma_{1}, \sigma_{2}, \sigma_{3}, q^{2})+u_{1}^{2}l_{5}(\lambda, \sigma_{1}, \sigma_{2}, \sigma_{3}, q^{2})$,
$\mathcal{M}=m_{5}(\lambda, \sigma_{1}, \sigma_{2}, \sigma_{3}, q^{2})+u_{1}m_{7}(\lambda, \sigma_{1}, \sigma_{2}, \sigma_{3_{2}}q^{2})+u_{1}^{2}m_{9}(\lambda, \sigma_{1}, \sigma_{2}, \sigma_{3}, q^{2})$
. [12]
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, 1 \S 3 (R), (H)
(PQ) (RT) , , 2 (T)
( $\mathrm{R}\mathrm{A}$ , ) , 2 4
.
$(z_{1}, z_{2}, z_{3})=(0, x, x),$ $x\in \mathrm{R}$ .
$z_{1}=z_{2}=z_{3}$ , $z_{j}=r_{j}(t)\mathrm{e}^{i\theta_{j}(t\rangle},$ $\theta_{1}+\theta_{2}+\theta_{3}=\Theta(t)$ .
$0=\mathcal{L}(r, \cos^{2}\Theta)+2r^{4}\cos^{2}\Theta\cdot M(r, \cos^{2}\Theta)$
$0=\cos\Theta\sin\Theta\cdot M(r, \cos^{2}\Theta)$
. $\cos\Theta=\pm 1$ , $(z_{1}, z_{2}, z_{3})=(x, x, x),$ $x\in \mathrm{R}$
. $q$ 2 ,
$0=\mathcal{L}(r;\cos^{2}\ominus=1)+2r^{4}\mathcal{M}(r_{7}.\cos^{2}\Theta=1)$
. , $\cos\ominus=\pm 1$ , , up-hexagons down-hexagons
4
$\cos \mathrm{O}-=0$ , , $(z_{1}, z_{2}, z_{3})=(\mathrm{i}x, \mathrm{i}x, \mathrm{i}x),$ $x\in \mathrm{R}$ .
$0=\mathcal{L}(r;\cos \mathrm{O}-=0)$
. $\cos^{2}\Theta=1,0$ , $2r^{4}\lambda \mathit{4}$ .
7 ,
5 .
\S 3 $\cos\Theta\neq\pm 1$ , , $(z_{1}, z_{2}, z_{3})=(z, z, z),$ $z\in \mathrm{C}$
,
$0=\mathcal{L}(r, \cos^{2}\Theta),$ $0=\mathcal{M}(r, \cos^{2}\mathrm{O}-)$
. $r,$ $\Theta(\neq n\pi/2)$ , 7
.
\S 3 2 , 2 ,
Rayleigh-B6nard , .
, , 4 1
, 5 .
$z=1/2$ , $\mathrm{D}_{6}\dotplus \mathrm{T}^{2}\oplus \mathrm{Z}_{2}$





$\frac{DT^{*}}{Dt^{*}}=\kappa\triangle*T^{*}$ , $\nabla^{*\prec}$. $v^{*}=0$
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Table 3: 1 2 2 Jacobi ( )
Label Eigenvalue (multiplicity)
I $\frac{\partial g_{1}^{r}}{\partial x_{1}}(6)$
$\mathrm{R}$ 0 (1), $\frac{\partial g_{1}^{r}}{\partial x_{1}}(1),$ $\frac{\partial g_{2}^{r}}{\partial x_{2}}(4)$
PQ 0(2), $\frac{\partial g_{1}^{r}}{\partial x_{1}}+\frac{\partial g_{2}^{r}}{\partial x_{1}}(1),$ $\frac{\partial g_{1}^{2}}{\partial x_{1}}-\frac{\partial g_{2}^{r}}{\partial x_{1}}(1),$ $\frac{\partial g_{3}^{r}}{\partial x_{3}}(1),$ $\frac{\partial g_{3}^{i}}{\partial y_{3}}(1)$
$\mathrm{H}$ 0 (2) $)$ $\frac{\partial g_{1}^{r}}{\partial x_{1}}+2\frac{\partial g_{1}^{r}}{\partial x_{2}}(1),$ $\frac{\partial g_{1}^{r}}{\partial x_{1}}$ – $\frac{\partial g_{1}^{r}}{\partial x_{2}}(2),$ $3 \frac{\partial g_{1}^{i}}{\partial y_{1}}(1)$
$\mathrm{R}\mathrm{A}\mathrm{R}\mathrm{T}$ $0(2)0(2)’ \frac{\frac{\partial g_{1}^{r}}{\partial g_{2}^{r}\partial x_{1}}}{\partial x_{2}}-\frac{\partial g_{3})}{\partial x_{2}}),$
$\frac{2\frac{\partial g_{1}^{i}}{\partial\mu_{2}g_{1}}\partial}{\partial x_{1}}+\frac{1)\partial g_{2}^{r}}{\partial x_{2}}\frac{\partial g_{3}^{r}-}{\partial x_{2}}(1,\frac{\partial g_{1}^{i}}{r\partial y_{1},(1}+(,\frac{\partial g_{1}^{i}}{\partial y_{1},+}\frac{\partial g_{1}^{f}}{\partial y_{2},(1)},(2)$
$( \frac{\partial g_{1}^{r}}{\partial x_{1}}(\frac{\partial g_{2}^{r}}{\partial x_{2}}+\frac{\partial g_{3}^{r}}{\partial x_{3}})-2\frac{\partial g_{1}^{r}}{\partial x_{2}}\frac{\partial g_{2}^{r}}{\partial x_{1}})/(\frac{\partial g_{1}^{r}}{\partial x_{1}}+\frac{\partial g_{2}^{r}}{\partial x_{2}}+\frac{\partial g_{3}^{r}}{\partial x_{2}})(1)$, $\frac{\partial g_{1}^{i}}{\partial y_{1}}+2\frac{\partial g_{2}^{i}}{\partial y_{2}}(1)$
$\mathrm{T}$ 0 (2), $\frac{\partial g_{1}^{r}}{\partial x_{1}}-\frac{\partial g_{1}^{r}}{\partial x_{2}}+\frac{\partial g_{1}^{i}}{\partial y_{1}}-\frac{\partial g_{1}^{i}}{\partial y_{2}}(2),$ $\lambda_{1}.’\lambda_{2}$
$\lambda_{1}+\lambda_{2}=\frac{\partial g_{1}^{r}}{\partial x_{1}}+2\frac{\partial g_{1}^{r}}{\partial x_{2}}+\frac{\partial g_{1}^{i}}{\partial y_{1}}+2\frac{\partial g_{1}^{\dot{\mathrm{z}}}}{\partial y_{2}})$




$R= \frac{\rho_{0}g\alpha^{(1)}(T_{b}-.T_{t})d^{3}}{\mu\kappa},$ $P= \frac{\nu}{\kappa}$
Rayleigh Prandtl .
,
$(u, v, w, p, \theta)^{T}=\psi$
. , PDE
$\frac{\partial}{\partial t}\mathrm{S}\psi-\mathcal{L}(R)\psi=N(\psi, \psi),$ $\mathcal{B}\psi=0$ at $z=0,1$
. , $\mathrm{S},$ $\mathcal{L}$ , $B$ , $N$ 2
. $z=0,1$ , $z=0$ $z=1$ ,
$z=0,1$ 3 , $B\psi=0$ .
, Prandtl $P$ , Rayleigh












$A_{1,0}^{(1)},$ $A_{0,1}^{(1)},$ $A_{-1,1}^{(1)},$ $A_{-1,0}^{(1\rangle},$ $A_{0,-1}^{(1)},$
$A_{1,1}^{(1)}$ 6 $\mathrm{f}\phi_{\mathrm{f}\mathrm{l}}^{\overline{\mathrm{o}}}\xi\ovalbox{\tt\small REJECT}$ ,
. ,
$A_{m,n}^{(j)}=h_{m,n}^{(j)}(A_{1,0}^{(1)}, A_{0,1}^{(1\rangle}, A_{-1,-1}^{(1)}, A_{-1,0}^{(1)}, A_{0,-1}^{(1)}, A_{1_{\mathrm{J}}1}^{(1)})$,
$h_{m,n}^{(j)}(\mathrm{O})=dh_{m,n}^{(j)}(0)=0$
$\mathrm{f}\mathrm{f}\mathrm{i}\text{ }$ , [5] g $A_{1,0}^{(1)}arrow z_{1},$ $A_{0,1}^{(1)}arrow z_{2},$ $A_{-1,-1}^{(1\}}arrow z_{3},$ $A_{-1,0}^{(1)}arrow$
$\overline{z}_{1},$




, F Taylor ,
.
, 5 . [9] [16]




Boussinesq , 1 .





, , , $\mathrm{Z}_{2}$
. \S 3 3 , .
$\cdot$1 ,
, 3 . Figure 3 $(P=7)$
. 3 .
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Figure 3: 3 . ,
. $P=7$. .
Table 2 , 0 , .
, . ,
$\delta>0$ , . ,
\S \S 6.2 3 .
, , \S 4 ,
. , 3 , .
, 5 , , .
5 Fig 4 . Figure 3
$\mathrm{H}$ Fig 4 $\mathrm{H}_{+}$ $\mathrm{H}_{-}$ ,
$\mathrm{T}$ $\delta=0.036$ $\mathrm{H}_{+}$ 2 . Figure 3
1 , Fig 4 ( $\mathrm{R}\mathrm{A}$ , )
$\mathrm{H}_{-}$ , $\mathrm{H}_{+}$ 2 .
, 5
, . , $\delta\simeq 0.2$ $\mathrm{H}_{-}$ ,
$\delta\simeq 0.4$ $\mathrm{H}_{+}$ . ,
, reentrant hexagons
. \S 7 .
6.2




. , , ,
. [12] , Figure 3 ,
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Figure 4: 5 . ,
. $P=7$ . .
Rayleigh-Benard ,
.
Figure 5 , 5
. ,
, Nishida, Iida and Yoshihara
[15] , $\mathrm{R}\mathrm{T}$ , PQ
($\mathrm{R}\mathrm{A}$ , ) ,
Fig 5 . 1
Figure 6 Fig 5 .
, 5 , ,
$\mathrm{H}$
$\mathrm{R}\mathrm{T}$ 1 ,




, Boussinesq , 1
, , 3 . ,
2 0 , [19] 5
. , ,
0 , 5 . Boussinesq
lTable 3 , .




Figure 5: 5 .
. $P=7$. .
2 , , .
, 1960 ( [2]) .
, Assenheimer and Steinberg reentrant hexagons . [1]
Boussinesq , $\delta=2.4$





7 3 . [S] 3
reentrant hexagons .
Marangoni , Rayleigh-B\’enard
. . Clever and Busse
$l\mathrm{h}$
Boussiensq $P=7$ 2 Floquet
, Assenheimer and Steinberg reentrant hexagons
Busse balloon . [7]
, by and Steinberg $\mathrm{S}\mathrm{F}_{6}$ Boussinesq $\text{ }$ , 4$[$
Boussinesq $Q$ reentrant hexagons
, $Q$




, $Q\neq 0$ , 2 $\kappa$ 0 . [19] $(\delta=0)$
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- 0.1 0. 0.1 02 0.3 0.4
$\delta$




$\ovalbox{\tt\small REJECT}$ . $\delta$ , $\doteqdot\Phi$
$\vdash^{*}\mathrm{F}\mathrm{g}5$ ,
. $Q$ , $\delta$ $\delta\mu$
2 , 1
. $\alpha,$ $R$ . ,
, $Q=0$ reentrant hexagons .
, 5 Boussinesq ,
, reentrant hexagons .
, , Clever and Busse
. , $\delta\simeq 0.2$
, . ,
\S 2 Stuart-Landau , $\delta\simeq 0.2$






, Busse and Clever t $Q=0,$ $P=7$
, 2 . [3] , reentrant
squares $\text{ }$ Busse balloon Effl .
$\Gamma_{s}=\mathrm{D}_{6}\dotplus \mathrm{T}^{2}$ . $\pi/2$
2 $\alpha$ 3116 , reentrant hexagons ,





I $\frac{\partial g_{1}^{r}}{\partial x_{1}}(4)$
$\mathrm{R}$ 0 (1), $\frac{\partial g_{1}^{r}}{\partial x_{1}}$ (1), $\frac{\partial g_{2}}{\partial x_{2}}(2)$
$\mathrm{S}\mathrm{Q}$ 0 (2), $\frac{\partial g_{1}^{r}}{\partial x_{1}}+\frac{\partial g_{1}^{f}}{\partial x_{2}}$ , $\frac{\partial g_{1}^{r}}{\partial x_{1}}-\frac{\partial g_{1}^{r}}{\partial x_{2}}$
RH 0(2), $\lambda_{1},$ $\lambda_{2}$ ,
$\lambda_{1}+\lambda_{2}=\frac{\partial g_{1}^{r}}{\partial x_{1}}+\frac{\partial g_{1}^{r}}{\partial x_{2}},$ $\lambda_{1}\lambda_{2}=\frac{\partial g_{1}^{r}}{\partial x_{1}}\frac{\partial g_{2}^{r}}{\partial x_{2}}-\frac{\partial g_{1}^{f}}{\partial x_{2}}\frac{\partial g_{2}^{r}}{\partial x_{1}}$
$z_{1},$ $z_{2},\overline{z}_{1},\overline{z}_{2}$ , $z_{1},$ $z_{2}\in \mathrm{C}$ $\Gamma_{s}$
$\mathrm{D}_{4}\{$
$\mathrm{R}_{\pi/2}$ : $(z_{1}, z_{2})arrow(z_{2},\overline{z}_{1})$
$\sigma_{v}$ : $(z_{1}, z_{2})arrow(z_{1},\overline{z}_{2})$
$\mathrm{T}^{2}$ : $(s, t)\cdot z=(\mathrm{e}^{is}z_{1}, \mathrm{e}^{it}z_{2})$
.
$\dot{z}_{1}=z_{1}[f_{1}(\lambda, \tau_{1}, \tau_{2})+|z_{1}|^{2}f_{3}(\lambda, \tau_{1}, \tau_{2})]$ ,
$\tau_{1}=|z_{1}|^{2}+|z_{2}|^{2},$ $\tau_{2}=|z_{1}|^{2}|z_{2}|^{2}$
. , (R) $(|z_{1}|, |z_{2}|)=(x, 0),$ $x\in \mathrm{R}$
(SQ) $(|z_{1}|, |z_{2}|)=(x, x),$ $x\in \mathrm{R}$ IW , (RH) $(|z_{1}|, |z_{2}|)=(x, y),$ $x,$ $y\in \mathrm{R}$
2 , $O(5)$ . ,
Table 4 . 5
, $\delta$ ,
. reentrant squares , $\delta\simeq 13$
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